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1. Introduction

Automatic optimal design,
definition of the goals, has been an intriguing field of
recent engineering studies [1]. The present paper takes
advantage of evolutionary algorithms as an important
branch of artificial intelligence to develop a software
platform for suggesting
homogeneous multi-layers for sound absorption. These
anechoic coatings are of extensive use in civil and
military applications [2]. Although it comes with
considerable capabilities, the optimization method
called Genetic Programming (GP) is not still widely
used in engineering fields. Unlike the conventional use
of the GP, which puts various elements (e.g.
mathematical operators) in a tree-like structure to form

based on a specific

sub-optimal  premium

ABSTRACT

Sound-absorbing coatings are of great importance in noise control, thus to
make them technically and economically effective, their design optimization is
a necessity. Multi-layered homogeneous linings, intended to provide a certain
level of absorption, have recently been of much interest among the anechoic
coatings. In the present work, first a mathematical model, called Transfer
Matrix Method (TMM) is introduced and validated to properly predict the
acoustic response of cavity-less multi-layers. Next, a two-loop optimization
technique aimed at maximizing the mean value of echo reduction and
minimizing the layers’ total thickness is developed. The outer loop (GP)
focuses on the number and order of the layers, while the inner (ICA) is
dedicated to thickness modification of each layer. Finally, results are
demonstrated for some specific cases, where promising solutions are found for
different constraints and conditions. As an example, comparing a
homogeneous coating invented by the GP-ICA (#Generation 50 of Section 5.3)
with a typical cavity-included coating used for sound absorption shows that the
thickness of this new coating is reduced by nearly two-thirds (from 50 mm to
18 mm), while the first hit of the 20 dB band of Echo Reduction (ER) has
reduced by 65 % (from 20 kHz to 7 kHz), and almost did not fall from this
level until the end of the frequency domain of interest (40 kHz). That’s while
the conventional coating frequency response dropped soon after hitting the 20
dB threshold.

various rubber materials are put in the single-branched
tree structures, thus optimizing the number and order
of anechoic layers. Each member of the GP (a multi-
layer), separately undergoes a thicknesses optimization
as the inner optimization loop, called the Imperialistic
Competitive Algorithm (ICA) [4] which is a variant of
Genetic algorithms. A simplistic illustration of
workflow is provided in Fig 2. The general goal of this
two-level algorithm (GP-ICA) is obtaining an anti-
detection multi-layer coating, with the highest average
level of echo-reduction in a particular frequency range,
while keeping the total thickness as low as possible.
This two-loop strategy is inspired by [5] where it is
argued that the topology construction and parameter
value dedication should not be handled in the same
strata and how a concurrent optimization of both

an explicit regression equation [3], in this paper,
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topology and parameters is worth complicating the
optimization procedure.

It is also noteworthy that the already-existing GPLab
toolbox [6] was modified to be harnessed for the special
purpose of this paper.

All the layers are essentially made of homogeneous
(without holes, also called solid) viscoelastic material,
and the powerful analytical method of Transfer
Matrices (TMM) [6] is used to simulate their acoustic
behavior. The TMM is also used in the literature in
conjunction with the GP to achieve an optimal hole-
shape design for nonhomogeneous coatings too [7].

In the following, the TMM is first briefly described and
verified and finally some typical problems are solved
to demonstrate the capabilities of GP-ICA.

High-level problem definition
(available material, cost
function, parameters tuning,
etc.)
|
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Figure 2. A simplified version of the GP-ICA

optimization
2. Mathematical Modeling of Anechoic Layer

Exact and time-efficient modeling of sound-absorbing
multi-layers is the key to enabling GP-ICA to propose
economic and high-performance coatings. The layers
come with different thicknesses and materials. Figure 1
shows a typical multi-layered coating. Reducing the
reflection level of the emitted mechanical wave means
increasing the Echo Reduction (ER) quantity. The
TMM is used to calculate the ER.
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Figure 1. Schematic illustration of a typical multi-layer sound-
absorbing coating

3. Governing Equations

The direct analytical approach in evaluating the
response of a pressure wave excitation and the resulting
wave propagation involves the expression of pressures
and stresses in the form of wave potential functions.
Then the characteristic equations are formulated by
satisfying the boundary conditions in each layer. In [8],
this approach is used to formulate the transfer function.
The direct method may be useful for the simple single-
layered case investigated in [8]; but as the number of
layers is increased, the associated algebraic
calculations become cumbersome, and inverting the
coefficients matrix would be more time-demanding,
while some numerical inconveniences may emerge.
The Transfer Matrix Method (TMM) was first
proposed by Thomson [9] and was surveyed further by
others [10-14]. This method is well compatible with
computer programming, and therefore, is the best tool
to simulate multi-layered coatings and passive acoustic
filters. Below is a summary of this method.

In the most general case, the incoming wave forms an
angle 0 with the y axis and forms an angle ¢ with the z
axis, which is located in the xz plane (Figure. 3). As a
result, the incoming 2D pressure wave leads to the
formation of a three-dimensional stress field.
According to in Figure 2, the front and rear layers of
this multi-layered coating are in contact with the fluid
(assumed non-viscous), and the six state variables used
in the TMM matrix of each layer include the axial stress
0yy, Shear stress 7., vertical particles’ velocity V5, and
transverse particle velocities V.,V in two sides of every
layer. These components are shown in Figure 4.
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Figure 3. The entrance and exit of the incident wave with a
desired angle in a multi-layer coating [15].
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Figure 4. Coordinates and state variables in the upper and
lower surface of one of the layers of the multi-layer coating in
response to two-dimensional excitation [15].

This general case results in a 6x6 transfer matrix.
Multiplying the matrices of every layer leads to an
equal transfer matrix, A, representing the total
dynamics of the multi-layer coating. As a result, the
state variables, S (stresses and velocities) of the first
and last layers can be directly linked to each other
(Equation (1)).

[STo = [Al[S]n

[A] = [Al; ... [Aln-1[Aln

The entries of the A-matrix are described in Appendix
B.

)

The wave enters from the first fluid medium (0™ layer)
and after passing through n layers (including the
viscoelastic blankets and a steel backing) reaches the
fluid medium at the end (n+1" layer).
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It is assumed that the incident wave establishes a right
angle with the anechoic coating. That is because the
receiver of the sonar is situated at the same place as the
pinger, and if the incident direction is oblique, the
reflection wave front will be deviated, making the
detection of a submarine even harder (Figure 5). The
second reason is that the oblique incidences trigger
greater shear waves inside the rubber coating, which is
interpreted as more dissipation of the wave energy.
Accordingly, the incident wave is considered to be
applied at a right angle (critical case), shrinking the
transfer matrix dimensions down to 4x4 [16] (See
Appendix B).

Pinger &

Receiver

Figure 5. The worst case for a submarine concealing scenario
happens when the wave front makes a 90° angle with the
coating.

The constituents of the wave propagation moduli, such
as transmission, reflection and transmission loss, are
nothing but the arrays of the equivalent transmission
matrix, which are independent of the "stress and
velocity” vector, “S” [15]. This paper utilizes the
reflection factor (R) which is calculated as in Equation

(2):

R = Ai1Zng1+ A1y —Zo(Ag1Zngr + Asgs)
A1Zng1 +Ars +Zo(Ag1Zngq + Asgs)

where Z,,Z,, . are the specific impedances of the input

and output fluids enclosing the multi-layer coating and

the "Aj;"s are the arrays of the A-matrix. Finally, the

ER is calculated as the following:

)

ER = 2010g,(1/p) 3)
4. Validating the TMM

In order to verify the fidelity of the calculated equations
required in the optimization process, namely, the ER
(directly calculated from R), some problems with
known solutions (benchmarks) have been recalculated
by the TMM. The results showed a perfect match, thus
validating the correctness of the mathematical basis
utilized in the GP-ICA algorithm.

4. 1. Validation Case 1

For the first verification case, a viscoelastic plate with
infinite length and width, and a thickness of 20 mm is
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considered [17]. This plate is immersed in the
enclosing fluid continued to an infinite depth from both
sides (Figure 6). The analysis was performed in the
frequency range of 2 to 40 kHz and the properties of
the viscoelastic layer are as given in Table 1:

¢ §

Figure 6. A viscoelastic layer immersed in semi-infinite water
medium from both side for the validation case 1

front fluid
(infinite)
rubber
coating
back fluid
(infinite)

Table 1. properties of the viscoelastic layer in the
first verification case [17, 18]

properties symbol quantity unit
Storage modulus E, 14x10® Pa
density p 1100 Kg/m3
Poisson's ratio v 0.49 -
Loss modulus N 0.23 -

As seen in Figure 7, there is a complete agreement
between the results of echo reduction (ER) obtained
from the TMM used in this research, and the results in

[17].
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Figure 7. The comparison of ER curves for the Validation
Case 1. The reported results [17] (top) are almost identical to
those of the TMM (bottom)

4. 2. Validation Case 2

For the second validation case, according to [13], a
viscoelastic plate of 40 mm thickness and unlimited
length and width is considered. From the front, the
plate is in contact with a semi-infinite water
environment and a steel backing with a thickness of 5
mm is attached to its back, which is adjacent to a semi-
infinite body of air (Figure 8).
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Figure 8. A viscoelastic layer with steel backing for
the Validation Case 2 [18].

The analysis is conducted in the frequency range of 1
to 10 kHz. The material properties of the viscoelastic
layer are the same as in Table 1. As seen in Figure 9,
there is a perfect match between the results of the sound
reflection factor obtained from the TMM and the
results reported in [18].
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Figure 9. A comparison of the R values between the
TMM (bottom) and the reported (top) results [18]

According to the satisfactory results above, the TMM
can be considered reliable for simulating the
homogeneous sound-absorbing coatings subject to a
vertical incident angle. As mentioned before, the worst
scenario against stealth occurs at the vertical incidence,
where the most reflection towards the receiver (placed
at the source of propagation) is expected. This can
guarantee the effectiveness of the designs proposed by
the GP-ICA for other possible angles of the wave front.

5. Results and discussion

The optimization method used in this paper includes
two levels. The higher loop (GP) is intended to conduct
a comprehensive search in the unstructured topology
space, so as to converge to an optimal topology or
arrangement of the layers, while the layers’ thicknesses
are optimized by a lower-hand algorithm operating in
the numerical domain (ICA). Both optimization
algorithms are branches of evolutionary processing
methods.

In order to demonstrate the capabilities of the GP-ICA
software as a powerful tool for designing multi-layer
mechanical wave absorbents, some design cases are
solved using this computer program. Available
constituent materials, the desired frequency range, and
the optimization goal are determined for each case. The
maximum allowed thickness of coatings (20 mm or 40
mm) are determined per case, also.

There are numerous tuning parameters governing the
algorithm, among which:

Number of frequency points calculated for each
frequency response = 20

GPLab:
Generations before the algorithm stops = 50
Population size = 70

ICA:
Iterations before the algorithm stops = 4
Population size = 30

Number of empires: 4
More tuning parameters are found in Appendix A.
5.1 Casel

In this case, the optimization is to be carried out on a
coating with a maximum thickness of 20 mm, and 3
material types are found in the options list (Table 2),
while the target frequency ranges from 0 to 20 kHz.

TABLE 2. The library of viscoelastic materials used in
optimization case 1
quantity

symbol unit
Mat 1 Mat 2 Mat 3

properties

Storage modulus  E, 1.4e8 1.8e6 3.3e8 Pa

Density p 1100 1000 1200 Kg/m3
Poisson's ratio v 0.49 049975 049
Loss modulus n 0.23 0.15 0.8

The ER frequency responses associated with the best
solutions of the first and last GP generations are
compared in Figure 10, which shows significant growth
in the latter all over the frequency range. Considering
the limited number of material types and the short
allowed maximum overall length, the quality of the
obtained solution is highly significant.

ER
351

—Gen1
-~ Gen50

Echo Reduction (dB)
- - N N w
o (%] o o o

o

00 ) 0.2 0‘.4 0.‘6 018 ‘; 112 1.‘4 116 1.‘8 2‘
Frequency (Hz) «10%

Figure 10. A comparison between the ER

frequency responses in the initial and 50t

generations (case 1)

The corresponding layers’ order and their thicknesses
for each coating are depicted in Figure 11. As
witnessed, apart from the order and material types, the
layers’ thicknesses are also modified in the 50th
generation, which shows the contribution of both loops
of the GP-ICA.
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Proposed Coating Material Composition

Material 1

Coatings Thicknesses (m)

___ Material 2

Material 1

Gen 0

Figure 11. The material type, order, and thicknesses of
the coating layers discussed in case 1

Figure 12 illustrates the gradual growth of the solution
quality throughout the generations.
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Figure 12. Gradual improvement of the fitness function
of case 1
5.2. Case 2

In this case, the goal is set for the lower frequency
range (0.5-5 kHz) and from now on, the material library
includes nine viscoelastic (rubber) options (Table 3).
Also, if the amount of ER (in decibels) at any frequency
is less than a lower non-functionality, or so-called
saturation limit, the coating’s ability of echo reduction
is considered as poor or even worthless in the practical
point of view. Accordingly, the points of the graph
lying under the lower saturation limit (LSL), are
multiplied by 5%, to make the algorithm focus on more
useful solutions. Similarly, if somewhere in the
frequency range, the ER exceeds the high saturation
limit (HSL), the difference between the resulting
reduction of echo and the HSL is multiplied by 5% and
then added to the HSL. This makes the algorithm
reluctant to offer excess quality at some ranges (avoids
over-designing). As a rule of thumb, very high levels
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of ER at some frequency bands, typically impedes the
chance of premium results in other parts of the scope.
For this case, the LSL and HSL are considered 10 and
20 dBs respectively. This cost function tuning would
greatly reduce unnecessary quality improvement.

TABLE 3. The library of viscoelastic materials used
in optimization cases 2 to 4

. Storage .. Poisson's  Loss
properties modulus density ratio modulus
symbol E, p \ n
unit Pa  Kg/m?3 - -
Mat 1 1.0e8 950 0.49 0.2
Mat 2 4.0e6 1300 0.49 0.25
Mat 3 1.4e8 1000 0.4998 0.15
Mat 4 1.14¢9 1100 0.49 0.23
Mat 5 4.14e9 1400 0.4 0.06
Mat 6 1.27¢8 1100  0.489 0.2
Mat 7 7.1e7 1100 0.494 0.2
Mat 8 1.5e8 1350 0.49 0.23
Mat 9 1.3e8 1300 0.49 0.23

Figure 13 shows the ER curves for the best members of
the 0™, 20", 40", and 50" generations. As seen, the 501"
generation has tried to obtain the most presence in the
desired ER band (10-20 dB). Although the 40"
generation has reached the desired band faster, it has
faced a relatively unfavorable drop afterwards. In
addition, it should be kept in mind that the solution of
the 50th generation is 4 mm thinner compared to the
400, Also, it should be noted that the curves
corresponding to the 10" and 30" generations are
identical to those of the 20th and 40th generations,
respectively, thus they are overlapped and nonvisible

ER
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- = Gen0
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——Gen30
—&—Gen40

Gen50

Ech Reduction (dB)
N w
S S

o
T

I . I I . I I
500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Frequency (Hz)

Figure 13. A comparison between the ER frequency responses
of various generations (case 2)

The coating layers’ order and their thicknesses for case
2 are depicted in Figure 14. The remarkable fact is all
of the proposed solutions are relatively thick. This
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implies that achieving high-quality solutions at low
frequencies requires much greater total thicknesses for
the coatings.

PROPOSED COATING MATERIAL COMPOSITION
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Figure 14. The material type, order, and thicknesses of the
coating layers discussed in case 2

5. 3. Case 3

In this case, a wide frequency range (0.5-40 kHz) is
targeted, and the LSL and HSL are determined as 10
and 30 dBs respectively. The solutions’ graphs are
shown for the 0" (initial), 10", and 50" generations in
Figure 15. As witnessed, the algorithm has not obtained
any better results from the 20th generation ahead,
which means the global optimum is probably reached.

ER
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w »
o o
T T

Echo Reduction (dB)
N
o

1 1.5 2 2.5 3 35 4

Frequency (Hz) «10%
Figure 15. A comparison between the ER curves of various
generations (case 3)

As can be seen, the initial solution has no advantage
over others, as it has occupied the 10-30 dB band so
sparsely, and is even unsuccessful outside this ribbon,
while the proposed coating is very thick. On the
contrary, the solution in the 50" generation has tried to
have the most presence in the desired ER band. Even
though the best of the 10" generation has outperformed
the 50" in achieving ER levels at some parts of the
frequency scope, it cannot be counted as the best, since
firstly, the 50" generation has surpassed the 10" in
some other areas of the frequency range, and secondly,
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the 50" has never had an ER level less than 20 dB
(twice the minimum necessary), even in the frequencies
where it falls behind from the 10™. In addition, the
response of the 50" generation at frequencies below 10
kHz has appeared much more successful than other
competitors. The thickness of these two solutions are
also low and almost equal. According to the above
explanations, the 50" solution is counted as the best fit.
The coating layers’ order and their thicknesses are
depicted in Figure 16.

PROPOSED COATING MATERIAL COMPOSITION
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Figure 16. The material type, order, and thicknesses of the
coating layers discussed in case 3

5. 4. Case 4

In this case, the lower and upper saturation limits are
considered as 10 and 40 dBs, respectively. Figure 17
shows the ER frequency response curves for the best
solutions in the 0™, and 50™ generations. It is to be
noted that after the 10" generation, the results are
exactly the same, and their graphs are overlapped.
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Figure 17. A comparison between the ER curves of various
generations (case 4)
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Although the initial generation is considered a fair
solution as compared to its super-short thickness
(Figure 18), especially for the middle frequencies, the
50" generation offers a more suitable suggestion both
in terms of the average ER and the quality of the
response at low frequencies. Moreover, it has a short
thickness compared to the maximum selectable
thickness (40 mm). However, overall, the best of this
case is not as good as case 3, and it shows choosing the
saturation limits, as part of the cost function is of
critical importance. For this case, the HSL is set as too
high, misleading the optimization core.

PROPOSED COATING MATERIAL COMPOSITION

/\““
S o018 AT, i
192] |
E 0.016 / Materia] 6
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E 0012 ERrE
&)
Z 0.01 Materija] ¢
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8 0.004
[a%} G
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{a )

Gen59

Geno

GENERATION NUMBER

Figure 18. The material type, order, and thicknesses of the
coating layers discussed in case 4

5. 5. Discussion

The results generated by the present method are
comparable with some prevalent cavity-included
coatings such as those presented in the literature [19,
20], in the sense of the ER response levels. Layers
incorporating holes, typically show a number of ER
peaks at certain frequencies, but perform relatively
poor at other frequencies, while homogeneous layers
come with less fluctuations during the whole frequency
range, and even can demonstrate greater mean values,
and thinner total thicknesses, when optimized using
algorithms such as the GP-ICA. Figure 16 compares
the results of some layers of 50 mm thickness including
cylindrical holes and a steel backing of 20 mm ([20])
with the 50" generation of case 3. The curves for
different hole sizes are depicted, and as seen, none of
the ER responses are as good as the composite coating
invented by the GP-ICA, from either the thickness or
ER performance criteria. To be precise, the lining
thickness is reduced by 64 % (from 50 mm to 18 mm),
while the first hit of the 20 dB threshold of ER has
reduced by 65 % (from 20 kHz to 7 kHz), and almost
did not lose this level until the end of the frequency
domain of interest (40 kHz).

39

50
= - Cavity included coating-Thickness=50 mm-hole to rubber volume ratio=5%

45 ==--Cavity included coating-Thickness=50 mm-hole to rubber volume ratio=9%

— Optimization result with GP-ICA method-Thickness=18 mm-Without hole-Case 3

Echo Reduction (dB)

0 5000 10000 15000 20000 25000 30000 35000 40000

Frequency (Hz)

Figure 16. The ER curves of the cavity-included coatings in the 1-
40 kHz frequency range for various hole/rubber volume ratios [20]
and the optimization result using GP-ICA method (present study,
Case 3)

6. Conclusion

The contribution of this research is the development of
a flexible and efficient platform for designing
immediate, automatic, and optimal multi-layered anti-
detection homogeneous coatings in arbitrary frequency
ranges. Taking advantage of a combined and two-level
optimization method led to interestingly efficient
coatings. In this research, a model based on the TMM
and a two-loop optimization software (GP-ICA) were
provided to analyze, design and optimize all types of
multi-layered sound-absorbing coatings. Also, to prove
the effectiveness of the proposed model, some
verifications were conducted. Therefore, by defining a
certain goal (here, the ER) and the desired conditions
of the response, the necessary optimizations can be
done easily using this computer program. The obtained
results show that if the cost function is defined
intelligently and based on the real needs of the industry,
GP-ICA can effectively search the solution space with
fairly low hardware resource requirements. The total
thicknesses suggested by the software are thinner than
the typical coatings, while the ER levels are even better
than the cavity-included sound absorbent coatings, in
all frequency bands. Also, the constraints and the
design goals may be set for different practical purposes.
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7. Appendices

Appendix A

A list of some most important adjustment
parameters § provided below. The
calibration/selection of these values depends on the
computer resource available the conditions of the
problem, and determines the way the algorithm
evolves throughout the generations. A full
understanding of their meaning needs a profound study
of the evolutionary mechanics, namely the GP
literature.

Each record can take different values from the list, and
the item chosen for this article can be distinguished
with the bold font style:

initpoptype = {'growinit’,'fullinit’,'rampedinit'};

expected = {"absolute’,'rank85','rank89'};

elitism =
{'keepbest','replace’, halfelitism’,"totalelitism'};

survival = {'fixedpopsize','resources','pivotfixe'};

dynamicresources = {'0",'1','2'}; % 0=no; 1=normal;
2=heavy

resourcespopsize = {'low','steady"’, free'};
resourcesfitness = {"normal_accept’,'light_accept'};

sampling={"roulette’,'sus’,'tournament’,"lexictour",'dou
bletour','sampleall'};

drawperspin = ' maximum_possible’; % how many
individuals can be drawned per wheel spin

savetofile={"never', firstlast',"every10’,'every100','alw
ays'’};

operatorprobstype = {'fixed',"variable'};
initialprobstype = {*fixed’,'variable'};
pointmutationtype = {'1point’,'npoint’};

numbackgen = ‘posint’; *This positive integer is
determined as ‘3’

percentback="special_01float'; *a float between 0 and
1, inclusive; *This value is determined as '0.25'

percentchange='01float’; *This value is determined as
'0.25"

minprob='01float’; * This value is determined as 0.1’
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depthnodes={"1',"2"}; *1=limit depth; 2=limit nodes
fixedlevel="1"; % use strict limit: 0=no, 1=yes
dynamiclevel={"0","1","2'}; *0=no; 1=normal; 2=heavy

inicmaxlevel="posint’;
determined as ‘10’

*This positive integer is

veryheavy = 'boolean’; *This 'boolean’ is determined
as ‘0’

defaults.functions = '{"Typel™ 1; "Type2" 1;
"Type3"™ 1; "Typed" 1; "Type5" 1; "Type6" 1;
"Type7™ 1; "Type8" 1; "Type9™" 1; }'; *This is the
material library for the present paper.

Appendix B

The matrix “A” is defined as in Eq. A-1 [10,11]:

2

c+2k €, —¢C) 'sz quTs
L k% T L ]qL L k% T

(2kq, .k 2k?
N2 S, ——FSr Cr+—5(C,—Cp)
T qr

k(c Cr) j{k25+qu}
pCrkr t T per (krqy - kr T
J (@ k? 1 k
per {kT Sut krqr ST} pCrkr (€= Cr)

(B-1)
2kF . k 4qrk?
pCr——(C,— Cp) Jpcy {_TFZSL - +ST}
kr q. k7

. 4k%q krF? 2kF
jpcr { £S5, +— ST} pCr—(C, — Cy)
qr kr

k3
2k? k 2kqy
Cr+—(,—C j{—FS, ———S.
T+k%(L ) J{qL L K2 T
(2kq, k 2k?
]{k—%SL_EFST} CL+k_%(CT_CL)

where:

T,y and o,, are the shear and compressive stresses
respectively;

k.q,.qr. k.. kr are the wavenumbers related by
the compatibility equations below (Eq. B-2):

1 1
qp, = i(kLz - k2) /2 and qr = i(kTZ - kZ) /2 (B‘Z)

It is to be noted that the subscript L denotes the
longitudinal or dilatational waves, and the
subscript T denotes torsional or transverse shear
waves.

The capital letters “C”s and “S”’s and the “F” are
defined as follows (Eq. A-3):

CL = COS(qu) 'SL = Sin(qu),

Cr = cos(qrl). Sy = sin(qrl), (B-3)
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F=1—2k%/ks?

And p is the mass density.

Also, c; and ¢ stand for the longitudinal and shear
wave speeds, respectively.

And v is the particle speed of the rubber material,
j is the imaginary number, and [ is the thickness of
the rubber coating.

Also, the k;, k; are calculated as the following:

kz_(w)z_wpl—Zu
L cL G 2-24 (B.4)
kz_<w)2_w2p

- cr) G

In the case of the right angle radiation, the A-
matrix is reduced into:

Cy 0 0 jpc)S,
0 Cr jlpcr)Sy 0
J
0 —3S C 0 B-
0 gt G (B-5)
Js 0 0 c
e, L L
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